Criteria for nonsquare points of the Lorentz spaces of maximal functions p,w are presented under an arbitrary (also degenerated) nonnegative weight function w. The criteria for nonsquareness of Lorentz spaces p,w and of their subspaces ( p,w ) a of all order continuous elements, proved directly in (Kolwicz and Panfil in Indag. Math. 24:254-263, 2013), are deduced. MSC: 46E30; 46B20; 46B42
Introduction
The geometry of Banach spaces has been intensively developed during the last decades. Nonsquareness and uniform nonsquareness are important properties in this area. Uniform nonsquareness implies both superreflexivity and the fixed point property (see [, ] and [] ). Therefore it is natural to investigate nonsquareness properties in various classes of Banach spaces (see [-] ). They are also connected with the notion of James constant (see [-] ) which describes the measure of nonsquareness. The class of uniformly nonsquare Banach spaces is strictly smaller than the class of B-convex Banach spaces. Recall that B-convexity plays an important role in the probability (see [] ).
On the other hand, it is natural to ask whether a separated point x in a Banach function space E has some local property P whenever the whole space E does not possess this property. This leads to the local geometry which has been deeply studied recently (see [-] ). The monotonicity properties of separated points have applications in best dominated approximation problems in Banach lattices (see [] ). The extreme points, and SU points play a similar role in the theory of Banach spaces.
The purpose of this paper is to characterize nonsquare points of the Lorentz space p,w . We also give a criterion for a point to be nonsquare in the subspace of order continuous elements ( p,w ) a of p,w . Since degenerated weight functions w are admitted, such investigations concern the most possible wide class of these spaces. Moreover, the local approach presented in this paper required new techniques and methods (in comparison with the global approach in [] ), which may be of independent interest.
Preliminaries
Let R be the set of real numbers and S X or S(X) be the unit sphere of a real Banach Definition . A point f ∈ S X is a point of nonsquareness (we write shortly f is an NSQ point) provided that
Notation . For simplicity, we will sometimes use the following notations:
(e) For measurable subsets A, B of R, by A = B we mean m(A ÷ B) = .
Let us recall some useful properties of a nonincreasing rearrangement operator.
, then there is a set e t (f ) with m(e t (f )) = t and
Remark . Lemma . implies
i.e., the subadditivity property of the maximal function. http://www.journalofinequalitiesandapplications.com/content/2014/1/467
The following result is a generalization of Lemma  from [] .
Proof Set
with the convention sup ∅ = .
Notice that for every  < t ≤ t  if t  < ∞ and for every  < t < t  if t  = ∞, by Lemma  in [], we have
If t  >  then, by () and (), we get 
and only if m(C) = .
Proof Clearly, m(C) = m{t :
Theorem . Let E be a symmetric Banach function space, x ∈ S(E) and C = {t :
Case I. Suppose m(A) = ∞ and denote 
since in the opposite case there are θ  , θ  < x * (∞) that
Thus, taking θ  = max{θ  , θ  }, we get
Without loss of generality, we may assume
and
where
Obviously, by assumption that m(C) = , |x(t)| ≤ x * (∞) and |y(t)| ≤ x * (∞). Thus
In the sequel we will use the following notations:
with the convention inf ∅ = α, sup ∅ = .
Theorem . Let x ∈ S( p,w ). If x is an NSQ point, then
where γ is defined in ().
Proof The case γ = ∞ follows from Remark . and Theorem ..
. By Lemma ., there are disjoint sets e  and e  , both of Proof Necessity. It follows from Theorems . and ..
S(y)))) > , whence x + y <  (see Remark . and the definition of β), i.e., x is not an NSQ point. Now assume m(S(x) ∩ S(y)) > . Denote
We have
Obviously,
We will consider the following pairwise independent cases. Case I. (|x| + |y|) * (∞) = .
Case II.B. For every t > , (x + y)
Now let us discuss all the cases. Proof of Case I. Since (|x| + |y|) * (∞) =  and γ = ∞, then |x| + |y| satisfies the conditions (i) and (ii) of Theorem . in [], whence |x| + |y| is an LM point. Moreover, by (), at least one of the following inequalities holds:
Since |x ± y| ≤ |x| + |y|, one of the following inequalities holds:
Proof of Case II.A. Assume that there exists t  >  such that (x + y)
Since |x ± y| ≤ |x| + |y|, so (x ± y) * ≤ (|x| + |y|) * . By the right continuity of nonincreasing rearrangement function, there exists δ > t  such that (x + y)
for every t > . Consequently,
Denote
for every t > t  . An analogous inequality holds for (x -y) * and (|x| + |y|) * . Take the sets B + ,
Clearly, by the definition of t  and equimeasurability of a function and its nonincreasing rearrangement, we get
Let 
By (), we may find a sequence (t n ), t n → ∞, such that inequality () is satisfied for each t n . Similarly as above, we conclude inequality () with t n instead of t  . Consequently, () holds for all t > . This means x + y <  (see Remark .).
(b) Assume  < t  < ∞ and take the sets B + , B -, B  of measure t  such that
Clearly, by the definition of t  and equimeasurability of a function and its nonincreasing rearrangement, we get 
Finally, by () and the above inequality, we get
for some a > . Notice m(C) > . Then, for every  < t < m(C), we have
Additionally, for all t > ,
Since γ = ∞ and (|x| + |y|) * satisfies the conditions (i) and (ii) of Theorem . in [], so (|x| + |y|) * is a UM point. Thus (|x| + |y|) * < x * + y * . Therefore,
which finishes the proof.
Theorem . An element x ∈ S( p,w [, )) is an NSQ point if and only if m(S(x)) ≥ β and, if γ ≤ /, x * is not constant on [, γ ], where β and γ are defined in ().
Proof Necessity. It follows from Theorems . and ..
Sufficiency. Let y ∈ S( p,w [, ∞)). If x and y have disjoint supports, then, by Lemma  in [], (x + y)
* * (t) < x * * (t) + y * * (t) for all t ∈ (, m(S(x) ∪ S(y))). Since m(S(x)) ≥ β, so m(S(w) ∩ (β, m(S(x) ∪ S(y)))) > , whence x + y <  (see Remark .).
Assume that x and y have not disjoint supports, i.e.,
) : x(t)y(t) >  , A  = t ∈ (, ) : x(t)y(t) <  ,

A  = t ∈ (, ) : x(t)y(t) =  and x(t) + y(t) >  .
() http://www.journalofinequalitiesandapplications.com/content/2014/1/467
A. Assume m(S(|x| + |y|)) ≤ γ . By Theorem . in [], |x| + |y| is an LM point. By (), at least one of the inequalities holds:
Obviously, |x ± y| ≤ |x| + |y|, whence at least one of the inequalities holds:
Denote the sets B + , B -, B  , B x , B y of measure γ satisfying
(see Lemma . and Remark .). Notice
Consider the following cases. Case I. There is t  ∈ (, γ ) such that (x + y) Proof of Case I. Assume that there is t  ∈ (, γ ) such that (x + y)
Since (x ± y) ≤ |x| + |y| so (x ± y) * ≤ (|x| + |y|) * . By the right continuity of nonincreasing rearrangement, there is δ > t  such that (x+y) * (t) < (|x|+|y|) * (t) for all t ∈ (t  , δ). Therefore, 
a contradiction with (). Notice
by ( Assume for the contrary that B + ∩A  ∩S(x) |x| + B + ∩A  |x| = B x |x|. By () and (),
Moreover, by () and m(A  ) = , we get B -∩ (S(x -y)) ⊂ A  ⊂ S(x). Furthermore, by () and (), we get
a contradiction with (). This proves claim (). Therefore, (), (), () imply 
We claim that at least one of inequalities () or () holds, |y| and
The equality S(y) = A  ∪ A  ∪ (A  ∩ S(y)) and () imply
and analogously we get
Therefore, by (), we have 
Conditions () imply (B + ∩ S(x
Finally, by (), one of the following holds:
which finishes the proof (see Remark . and the definition of γ ).
Below we present some modification of Lemma . from [] . 
Thenx and x as well asỹ and y are equimeasurable. Sincex andỹ satisfy the assumptions of Lemma . in [] , there is a set B with m(B) >  such that x * (t) =x * (t) <ỹ * (t) = y * (t) for . Denote 
by () and
for all t ∈ (, min{s  , γ } Moreover, by () and S(|x| + |y|) = A  ∪ A  = S(x), we get m(S(x)) > γ . We claim that
Assume for the contrary that
and (),
Moreover, by () and m(A  ) = , we get
. Furthermore, applying () and (), we obtain
a contradiction with (). This proves claim (). Therefore, (), () and () imply
Furthermore, by the definition of s  , for every t > s  , Since for a.e. t > , |x(t)| ≤ a and |y(t)| ≤ b, so (x ± y) * (t) ≤ |x| + |y| * (t) ≤ a + b = x * (t) + y * (t) (   ) for all  < t < s  . If there is t  ≤ s  such that (|x| + |y|) * (t  ) < x * (t  ) + y * (t  ) then, for every t  < t < s  , (x ± y) * (t) ≤ |x| + |y| * (t) < x * (t) + y * (t).
If (|x| + |y|) * (t) = x * (t) + y * (t) for every t ≤ s  , then by the definition of s  we get () for every s  ≤ t < s  . Thus, by (), 
